For the accurate prediction of the vascular disease progression, there is a crucial need for developing a systematic tool aimed toward patient-specific modeling. Considering the interpatient variations, a prior distribution of model parameters has a strong influence on computational results for arterial mechanics. One crucial step toward patient-specific computational modeling is to identify parameters of prior distributions that reflect existing knowledge. In this paper, we present a new systematic method to estimate the prior distribution for the parameters of a constrained mixture model using previous biaxial tests of healthy abdominal aortas (AAs). We investigate the correlation between the estimated parameters for each constituent and the patient's age and gender; however, the results indicate that the parameters are correlated with age only. The parameters are classified into two groups: Group-I in which the parameters c e ; c k1 ; c k2 ; c m2 ; G c h ; and / e are correlated with age, and Group-II in which the parameters c m1 ; G m h ; G e 1 ; G e 2 ; and a are not correlated with age. For the parameters in Group-I, we used regression associated with age via linear or inverse relations, in which their prior distributions provide conditional distributions with confidence intervals. For Group-II, the parameter estimated values were subjected to multiple transformations and chosen if the transformed data had a better fit to the normal distribution than the original. This information improves the prior distribution of a subject-specific model by specifying parameters that are correlated with age and their transformed distributions. Therefore, this study is a necessary first step in our group's approach toward a Bayesian calibration of an aortic model. The results from this study will be used as the prior information necessary for the initialization of Bayesian calibration of a computational model for future applications.
Introduction
Computational models of vascular growth and remodeling (G&R) have emerged in predictive medicine with an increasing range of applications in arterial adaptation from physiological conditions, aging, and vascular diseases. As our understanding of the mechanobiological physiology and vascular diseases accumulates [1, 2] , the G&R computational models are able to more accurately account for mechanisms involved in vascular disease progression. While the computational models have advanced in capturing the main bio-chemo-mechanical processes [3] [4] [5] , it is now a critical question as to how we can determine multiple parameters for a given patient [6] , in that it does not take into account various uncertainties during the progression of the disease and variability among patients in clinics.
Rupture of abdominal aortic aneurysms (AAAs) results in high mortality rates of 80-90% [7] [8] [9] [10] . Computational models of AAAs are indispensable research tools for describing vascular material behaviors for providing a prediction capability. Finite element models (FEMs) take into account not only the subjectspecific geometry but also the material properties of the aorta [11, 12] , and utilize stress and strength as the key parameters for estimating the rupture risk and severity of the aneurysm [13, 14] . Recently, several groups have been actively researching the accurate estimation of AAA's wall stress using computational models such as FEM classical models [15] [16] [17] [18] and FEM-G&R models [19] [20] [21] [22] [23] [24] .
Several strain energy models for the aorta have been introduced so far. Some of these models use a phenomenological macroscopic approach and consider the aorta as a uniform material [25, 26] . Particularly, structurally defined strain energy functions introduced by Holzapfel et al. [27, 28] are popular in arterial mechanics because they describe the mechanical behavior well for various arteries and can account for fibers distributed in multiple directions in the arterial wall. These strain energy functions and their variations include two parts: an isotropic behavior represented by elastin and anisotropic behavior presented by multiple collagen fiber families used for basilar, carotid arteries, and human aorta [29] [30] [31] . In the multiple-fiber models, increasing the number of parameters provides more flexibility and generally produces better fitting, but more than six fiber families can cause a bias error and an overfitting problem [32] . For human healthy and aneurysmal AAs, Ferruzzi et al. [33] found that a four-fiber family model can capture the biaxial mechanical behavior. However, those studies did not consider the prestretch and multiple constituents that can be modeled independently. Instead, constrained mixture models have been developed, in which the arterial wall is considered to be a mixture of three constituents, namely elastin, collagen fiber families, and smooth muscle cells, independently with different stress-free configurations. For more details about the constrained mixture models, refer to Refs. [19, 34, 35] .
The G&R computational models of the aorta have been further implemented in the patient-specific modeling [11, [36] [37] [38] , particularly in AAA modeling. Initially, the studies focused on the growth mechanism by which the aortic wall alters collagen turnover, homeostasis, and remodeling. It is, however, a critical step for determining the subject-specific model parameters considering the wide range of material parameters such as material stiffness, prestretch, anatomical geometry, wall composition, and ultimately providing an accurate prediction for a specific clinical application. Wilson et al. [6] used a constrained mixture model with four fiber families and reinforced the importance of model parameters on the G&R results. They estimated parameters including prestretches using a nonlinear regression with a weighted penalty method for four nonaneurysmal aortas; ages ranging from 47 to 69. He used data from an experimental biaxial tension test performed by Vande Geest et al. [39] . The computational model initiated AAAs by inducing elastin degradation. Their results showed that the parameters of the nonaneurysmal aortas from different subjects have a strong influence on the mechanical behavior, the aneurysm expansion rate and the geometric parameters. Although both Wilson et al. [6] and Roccabianca et al. [40] captured the mechanical behaviors and have similar values for parameters, there are inconsistencies among multiple groups, even though the same data from Vande Geest et al. [39] were used. Hence, the motivation is to examine how the inconsistencies were arisen from and what can be done to provide a better prior distribution (distribution for model parameters) to reflect the mechanical behavior. We propose a systematic method to determine relevant prior distributions and take into account both population-based parameters and subject-specific parameters.
In this study, a systematic method is developed to construct prior conditional distributions of material parameters of the AA at the given age and gender. First, the G&R model is briefly described and the constrained mixture approach for aortic mechanical behavior is introduced. Second, the parameters of multiple constituents are estimated by using the biaxial test data provided in the literature [41] . Next, using a regression study, for each parameter we decide if it is correlated to age and/or gender. For parameters with correlations to age and/or gender, conditional normal distributions are constructed for given functions of age and gender. The rest of the parameters which are not correlated to either age or gender are modeled by normal distribution fitted to either the original values or transformed values, depending on the test's P-values. Results of the prior distributions for three ages of 45, 60, and 75 years are illustrated and compared with other simple approaches.
Finally, we capitalize on the importance of the prior distributions in the Bayesian approach as the first and necessary step for our future goal of patient specific modeling for clinical applications.
Methods
2.1 Constitutive Model. Previously, a constraint mixture model was introduced and utilized by many groups, including our own, for modeling the nonlinear mechanical behavior of the human aortic wall [36] . In this model, we assume that the aortic wall consists of three different constituents, i, including elastin (i ¼ e); four collagen fiber families (i ¼ 1; …; k; …; 4); and smooth muscle cells (i ¼ m). Elastin is an isotropic material that dominates the aortic wall, while collagen fibers and smooth muscle cells are aligned in the aortic wall. Specifically, smooth muscle cells are aligned circumferentially and four collagen fiber families are aligned in the axial ði ¼ 1Þ; circumferential (i ¼ 2Þ, and two diagonal ði ¼ 3; 4Þ directions.
We assume the prestressed in vivo aorta as the reference configuration, j R , while a traction-free, cut specimen is considered as the intermediate configuration, j I (see Fig. 1 ). F R and F I are the 2D deformation gradient tensors mapping from j R to j I and from j I to j (under biaxial tension), respectively. We have
h and F I z are the stretches in the circumferential and axial directions, respectively, which have been measured during experiments. Additionally, the 2D deformation gradient from the prestressed in vivo (reference) configuration, j R , to the current (under tension) configuration, j, is given by F ¼ F I F R ¼ diagfk h ; k z g and the right Cauchy-Green tensor is C ¼ F T F. We assume a different stress-free configuration for each constituent named, natural configuration, j N . The stretches of collagen fiber families and smooth muscle cells from their own natural configurations to the current configuration are written as
where G c h and G m h are the homeostatic stretches of collagen and smooth muscle cells, respectively. We have assumed the same stretch for all four fiber families [7, 11] . k k is the stretch of kth fiber family from j R to j and is given as
where a k is the angle between the kth collagen fiber family and the one in the axial direction. a k takes the values of a 1 ¼ 90 deg; a 2 ¼ 0 deg, and a 3 ¼ a 4 ¼ a, for the collagen fiber families aligning along the axial, circumferential, and two diagonal directions, respectively. In previous studies [6, 11] , a was assumed as 45 deg fixed, but in other studies [33, 40] a was estimated in their parameter estimations. By treating a as an unknown in the parameter estimation, the anisotropic mechanical behavior is taken into account for the collagen fiber families.
Additionally, the 2D homeostatic stretch tensor of elastin G e which is the mapping from j N to j R , is written as
where G e 1 and G e 2 are elastin's homeostatic stretches in circumferential and axial direction, respectively. The tensors of elastin, from its natural configuration j N to the current configuration (under tension), are defined as Transactions of the ASME [6, 36, 42] for the contribution of smooth muscle cells a pre-assigned value of 0.15 is used for / m . For the membrane model, the passive and active membrane stress (tension) can be calculated by [36] 
where w pas ¼ M R W pas for the passive strain energy function and w act ¼ M R W act for the active strain energy function per unit reference area, with M R being the total wall mass density per unit reference area and J ¼ detF. Finally, the overall membrane stress in the wall is
Considering that j I is the traction free configuration,
In order to calculate the Cauchy stress, the membrane stress must be divided by the wall thickness h (under tension) which by the incompressibility assumption can be calculated as
We have 11 unknown parameters, which we will estimate using nonlinear regression. These parameters are the intrinsic material parameters c e ; c k1 ; c k2 ; c m1 ; c m2 , the prestretches of constituents G c h ; G m h ; G e 1 ; G e 2 , the elastin mass fraction / e , and the angle of the diagonal collagen fiber family a with respect to the axial direction.
Nonlinear
Regression. We estimate model parameters for 17 subjects using experimental data provided by Vande Geest et al. [39, 43] . They have studied specimens harvested from 21 healthy human AAs for a wide range of ages of 19-78 years old. We did not incorporate the data of four specimens in our study. The reason for this is that age and gender information were not provided for two of the subjects and test data was highly noisy for the other two specimens. The biaxial tests performed in the experiment account for seven sets of axial to circumferential tension ratios: 1:0.1, 1:0.5, 1:0.75, 1:1, 0.75:1, 0.5:1, and 0.1:1. We utilize the stress-stretch results for parameter estimation. The best-fit parameters are obtained by minimizing the difference between the experimentally measured and theoretically calculated Cauchy stress for each specimen with the addition of penalty terms for the constituents' homeostatic stress values and aortic wall thickness.
Due to the nonlinear nature of the problem and the large number of unknown parameters, we need to carefully select the total number of estimation parameters; otherwise, the parameter estimation has a high cost in computation and results in multiple answers for each specimen (cf, overfitting problem [32] ). Furthermore, in order to make the parameter estimation efficient, it is divided into two steps: (1) while five parameters are temporary fixed, the other parameters are estimated with penalty terms using the biaxial tests from Vande Geest et al. [39] and (2) the results of the first parameter estimation (for six parameters) are used as the initial values for the full parameter estimation. For the first step, we prescribe the fixed values for prestretches and the angle, G [6, 33, 36, 40, 44] along with the averaged values in Table 1 . In the second step, all the fixed values and penalty functions are removed for the full parameter estimation, except the penalty terms for homeostatic stresses and aortic wall thickness. In vascular G&R computational models, the stress-mediated mechanical homeostasis is generally assumed [34] but the exact values are not known. The thicknesses of aortic specimens are not available; therefore, we use the reported mean thickness of 1.4 mm [6] . We consider the thickness of the aorta and the average homeostatic stress in each constituent (elastin and collagen fibers) in the cost function as penalty terms, wherein the cost function minimizes the best-fit parameters with some tolerance. We set the homeostatic circumferential stress in elastin and collagen fiber families at 100 kPa [6] , and the homeostatic thickness of the aortic wall at 1.4 mm [6] . The goal function e is defined as 
where T hh are theoretical homeostatic stresses (at the mean pressure) in circumferential direction in elastin and collagen fiber families, respectively. ᭝ th is the calculated homeostatic thickness of the aortic wall. Adding these penalty terms reduces the uncertainty of our nonlinear parameter estimation and guides us toward a more reliable estimation. Coefficients a 1 and a 2 are chosen by trial and error so that the circumferential homeostatic stresses in elastin (t h;e hh ) and collagen (t h;c hh ) do not deviate from their expected values (100 kPa) by more than 10%. Additionally, coefficient a 3 is set to keep the estimated thickness (᭝ th ) within 5% error from its reported value (0.0014 m). By trial and error, we set a 1 ¼ a 2 ¼ 10
À3
and a 3 ¼ 2 Â 10 7 . For the nonlinear regression minimization tool, we use the fminsearch function in MATLAB (Mathwork, Natick, MA). This function uses the Nelder-Mead simplex method for optimization. The goal function is to minimize e. We consider two criteria for stopping the optimization. Iteration is terminated if either the changes in e or the changes in parameters are smaller than TolFun ¼ 10 À5 or TolX ¼ 10 À5 , respectively.
Bayesian Approach for the G&R Computational
Model. This study is one step toward the ultimate goal of subjectspecific calibration of G&R modeling. In this section, Bayesian calibration is briefly explained and the importance of prior distribution is interpreted. Calibration is the term used to describe the inverse process of fitting a model to data, referred to as inference [45, 46] . We consider a problem in which we have a computer model (e.g., a G&R computational model) of a physical system (aorta) along with observations of the system (real patient's CT scan images and experimental tests). The Bayesian model is a natural choice for the incorporation of prior information (assumed distribution of parameters), physical observations, and other information related to the model [45] . Using the Bayesian calibration, the posterior distributions are constructed and the calibrated parameters are evaluated based on those distributions. Then, we insert the calibrated parameter values of the computer model again to predict the growth of the AAA in a future time by using the predictive distribution in the Bayesian model. The framework of Bayesian calibration is briefly illustrated in Fig. 2 .
The different stages of application of the Bayesian theorem are illustrated in Fig. 2 . Pðhjage; genderÞ is the conditional joint distribution of the model parameters, which we aim to construct in the current study. The histograms illustrate the Bayesian approach more clearly; in reality, however, it is not possible to represent a joint distribution with more than two random variables other than showing the distribution for each variable separately. The prior distribution will be constructed with estimated parameters for the 17 healthy aortas mentioned previously. From the prior distribution, we perform multiple sampling ðh example, X * could be the maximum diameter of the AA that is measurable from the CT-scan image of the patient. Although we have chosen just one set of parameters for each simulation, due to the uncertainty modeled in the G&R model, the output will have a distribution. Using these distributions, we construct the likelihood function PðXjh; age; genderÞ. The last stage is to use the Bayes theorem and build the posterior distribution for model parameters. The posterior distribution PðhjX; age; genderÞ is more reliable than the prior distribution as it considers more patient-specific information (X; age; gender) while reducing the uncertainty of the prior distribution caused by the nonlinearity of the estimation process. This posterior distribution will be a better candidate when used as a model parameter distribution for the patient-specific G&R simulation.
The Bayesian approach, however, is less helpful when there is no consensus about what the prior distribution should be. We know that prior information is a key part of the Bayesian inference and represents information about the uncertain parameters that are combined with the probability distribution of new data to yield the posterior distribution, which in turn is used for future inferences and the related decisions. In general, the key issues in setting up a prior distribution are: (1) information used to construct the prior distribution, and (2) properties of the resulting posterior distribution (conjugate family). Here, we treated the nonmeasurable (estimated) model parameters in this statistical model as random variables. Since we know the age and gender of the patients to whom the biaxial test data is related, we can update our prior knowledge using the conditional joint distribution of parameters. So, if we want to achieve the results from Bayesian calibration, the preliminary step should be achieving our main goal of constructing the prior distribution of the parameters. An overview of our approach in building the prior distribution is illustrated in Fig. 3 .
Correlation Study and Joint Distribution.
Recently, more papers have reported the potential relation between the mechanical behavior of aortic tissues with subject-specific information such as age, health conditions, genetics, and diet [47] . Although associated with other individual characteristics (e.g., cigarette smoking, having vascular diseases, genetics) [48, 49] , gender and age are considered to be the basic but most relevant available variables for arterial mechanics. Therefore, using the experimental data, we study the correlation between the estimated parameters with age and gender. The framework can be, however, general enough so that the other variables can be implicated in specific applications. The population Pearson correlation study is widely used in statistics to find the correlation (linear dependency) between two sets of data. We assume that the data sets are correlated if the correlation coefficient jqj > 0.3 and the P-value < 0.1. For the calculation of q and P-value, R software is used.
We assume that the best-fitted values of parameters are the replications of random variables with an unknown distribution. Our goal is to find the best distribution that can fit to the estimated parameters. Considering the correlation of each parameter with age and gender, we divide our 11 parameters into two groups: Group-I with parameters that show correlations with age or gender and Group-II with parameters having no correlation with age and gender.
For Group-I, a regression between parameter values and age is used. For simplicity of regression, and by investigating the estimated parameters we choose two terms age and 1=age. The regression model used for the parameter X I from Group-I is given by
where e is the standard normal distribution, e $ Nð0; r 2 Þ. For regression of each parameter, we observe the R 2 value, the Pvalue of the regression, and the P-value of each coefficient ða; b 1 ; b 2 Þ. Although both terms ðage; 1=ageÞ in the regression model could be used in which R 2 became maximum, we found that for most cases (based on our observations) using just one term sufficiently described the relation of the parameter with age, and we do not need to have all terms in our regression equation. Based on the regression model introduced in Eq. (20) , parameter X I has the conditional normal distribution as
For Group-II, we investigated distributions via transformations in order to find the best distribution for each parameter. In order to find which original distribution or transformed distribution provides a better representation of a specific parameter, we use the Anderson-Darling statistic (AD) and P-values. Between the two distributions, the one with smaller AD and higher P-value is a better candidate. Using MINITAB (Minitab Inc., State College, PA), we compare the AD and P-value of the original and transformed distribution for each parameter in Group-II: Box-Cox and Johnson transformations, normal, lognormal, three-parameter lognormal, exponential, two-parameter exponential, Weibull, three-parameter Weibull, gamma, three-parameter gamma, logistic, loglogistic, and three-parameter loglogistic distributions. Using
to make data more normally distributed. However, this is not guaranteed [50] and the results of the transformation should be evaluated on whether they have normal distributions or not. The Box-Cox transformation function is given by
where c is the transformation parameter. Based on the value for c, the distribution for Y would be different. Using the loglikelihood function, we find the optimum value for c so that Y has the smallest standard deviation. However, this does not guarantee normality and we must check whether the normal distribution assumption for each parameter ðYÞ is acceptable. A hypothesis test with the null hypothesis that the transformed parameter ðYÞ has a normal distribution can determine whether our assumption for normality is valid. The hypothesis is tested for
If the P-value is large enough ðP-value > 0:05Þ, we fail to reject the null hypothesis and assumption of normality is acceptable (but not proved). We fit a normal distribution to the transformed parameter Y. So
where l and s are the mean and standard deviation of the fitted normal distribution. Using the fitted normal distribution combined with the Box-Cox transformation function, the distribution of the original parameter X II would be
where yðx II Þ is either equal to ðx cÀ1 II =cÞ or to log x II , depending on the result from our analysis using Eq. (22) .
The final step is to construct the joint distribution of the transformed parameters Y of Group-II and the parameters of Group-I, X I . We combine these two groups and rename these new parameters as Z (just for representing purposes). Now considering that all the parameters ðZ 1 ; Z 2 ; …; Z 11 Þ have normal distributions ðX I Þ or conditional normal distributions (Y), we build the multivariate normal distributions by calculating the sample covariance matrix as
where R ij is the element in the ith row and jth column of the sample covariance matrix R. ij is the correlation coefficient between Z i and Z j and r i is the standard deviation of Z i . Finally, we construct the multivariate normal distribution as [51] 
where l is the mean vector l ¼ ½l 1 ; l 2 …; l 11 , l i is the mean of Z i for which the correlated parameters with age is a function of age, Eq. (20), and for which the rest of the parameters is a constant value, Eq. (24). The ð1 À xÞ100% confidence interval for the mean vector l is given by [51] 
where k is the sample size and l is the dimension of the constructed multivariate normal distributions. In our problem k ¼ 17 and l ¼ 11. F l;kÀl ðxÞ is the x critical value of the F-distribution, l is the degree-of-freedom in the numerator, and k is the degree-offreedom in the denominator. Any vector of Z that satisfies the above inequality would be in the ð1 À xÞ100% confidence interval of the mean vector l. Table 2 .
Results
In order to see the variation with respect to age in the mechanical behavior of the aorta, two samples of fitting plots for a 19-year-old male and a 78-year-old female for both circumferential and axial data are shown in Fig. 4 . The dotted lines show the experimentally measured data and the solid lines show the theoretically calculated values using the best-fit parameters from Table 2 . Age dependency of the aorta material behavior is well illustrated in Fig. 4 . Table 3 shows the correlation coefficients q and P-values for the correlation study between parameters with age and gender. Results show that parameters do not have any correlation with the gender of patients. Considering this, we can combine information of both genders into one category to construct the joint conditional distribution of all parameters. We found moderate to strong correlations of parameters with age. The elastin mass fraction, / e , shows a very strong negative correlation with age (q ¼ À0:760; P ¼ 0:0000 < 0:1). Table 4 provides the results of the regression for the parameters in Group-I. In the regression analysis, the regression P-value is based on the null hypothesis that the residuals do not follow normal distribution (where the residuals are the differences between the real values for the parameter at given ages of specimens subtracted by the predicted values using the regression relation). Hence, smaller regression P-values indicate the reliability of the regressions, and as it has been listed in Table 4 , all the regression P-values are smaller than 0.1. All coefficient P-values listed in Table 4 are smaller than 0.1 except in two cases where they are 0.308 and 0.274 for c m2 and c k2 , respectively. Although high coefficient P-values will generally result in higher regression P-values, as illustrated in Table 4 , regression P-values of c k2 and c m2 are still small enough to indicate a reliable regression. R 2 of the regressions are also listed in Table 4 . Looking over R 2 in the table, we found that they were not very close to 1, but this did not indicate that regression results were not valuable or trustworthy. In this regression study, we were able to model the changes of parameters due to the changes in the age of the patient, but some other information has been missed due to our lack of knowledge about the patient's condition. In this regression study, the R 2 value indicates the portion ðR 2 Þ of the change in the parameter value (response) with the possibility to be captured by the regression model, age (predictor), and what portion ð1 À R 2 Þ of the change is modeled by normal error ðeÞ. Between all the examined distributions and transformations (mentioned in Sec. 2.4), the Box-Cox transformation was the best choice based on the AD and P-values for all five parameters in Group-II. Table 5 illustrates the optimum values for the transformation parameter, c, for each parameter in Group-II. Using the maximum likelihood estimator, we found c so that the transformed parameters had the smallest standard deviation. Information (mean and standard deviation) regarding the fitted normal distributions to the transformed parameters, Y, is also provided in Table 5 with corresponding P-values. In the table, we have listed two columns for P-values, for two normality tests. P-value b indicates that the normality test has been performed on the original best-fit values, and P-value a demonstrates that the normality test has been performed on the transformed values. P-values that are less than 0.1 lead to the rejection of the null hypothesis of the normal distribution. Information regarding the P-value b shows that original best-fit values (before transformation) for c m1 ; G Table 6 . This table contains Table 5 Box-Cox transformation results and fitted normal distribution to the transformed parameters. P-value b indicates that normality test has been performed on original transformation (before transformation), and P-value a indicates that the normality test has been done on best fit values after transformation. information about the effects of aging on the parameter values and the confidence intervals. Using the confidence intervals, we can compare our results with previous studies, making it easier to determine whether our findings are similar or significantly different from the literature.
Correlation.

Fitting of Parameter Distributions. Based on the results from
Fitted normal distribution
As illustrated in Table 6 , the mean values and the confidence intervals of c e ; c k1 ; c k2 ; c m2 ; G In the interest of comparison, we run five simulations: three simulations using values provided in Table 6 for three ages of 45, 60, and 75 years old and two using median and mean values represented in Table 2 for model parameters. Simulation is a tension test on a square specimen under a uniaxial stretch in the circumferential direction while keeping the stretch in the axial direction constant (1.0). The stress-stretch results of those simulations have been illustrated in Fig. 5. 3.5 Multivariate Normal Distribution. In Table 6 (Table 5) , and c e ; c k1 ; c k2 ; c m2 ; G c h ; and / e are the original parameters from Group-I (Table 4 ). The correlation coefficients and P-values, which indicate correlation, are shown in bold face in Table 7 .
Using the correlation results between the parameters, we calculated the covariance matrix using Eq. (26) . Table 7 contains information of the correlation matrix (i.e., correlation coefficients ij ). Also, r i and r j are the standard deviations extracted from Tables 4  and 5 . Calculated covariance matrix is illustrated in the Appendix.
The mean vector is calculated using the information of transformations and regressions from Tables 4 and 5. In the mean vector, we used the same notation as in Table 7 . In addition, we have a bar symbol used for l and all parameters indicating that these are sample means based on the data l ¼ Using the covariance matrix, R, in the Appendix and the mean values vector above, the multivariate normal distribution conditioned on age was constructed using Eq. (27) . Construction of this joint distribution was one of our major goals for this study. As mentioned before, this distribution was built to be utilized in the Fig. 5 Comparison between simulation results using five different parameter sets, 45, 60, and 75 years, are results of the simulation using parameters reported in Table 6 . "Mean" and "Median" are the results of the simulation using the mean and median of estimations for each parameter in Table 2 , respectively. future study which focuses on the Bayesian calibration of the G&R model. The distribution constructed here will be used as the prior distribution. The 90% confidence interval for all the parameters was calculated using the joint distribution. One should consider that in both the joint distribution and the confidence interval construction, we used the transformed parameters from Group-II (Table 5) and not the original parameters. The 90% confidence interval calculated as
where Z is the vector of parameters' values. Hence, the parameters are in the 90% confidence interval of their mean value if they satisfy the above inequality, constructed using the joint distribution. Both mean values and confidence intervals are specific to the patient through the age information.
Discussion
Ex vivo biaxial tests of human data have been of significance in accurately estimating the mechanical behavior of the AA. Stiffening of the aorta with aging was reported in multiple studies [39] , emphasizing the importance of age in patient specific modeling. This study is to develop a systematic method to first estimate model parameters linked with the most important stress bearing constituents which are collagen, elastin, and smooth muscle cells. Secondarily, estimated values combined with subject-specific data, age, were used to construct conditional model parameter distributions, referred to as prior distributions. In the current study, the constructed prior distributions captured the mechanical behavior of the aorta with respect to the age of the patients. The constructed joint distribution of parameters can be directly utilized for patient-specific G&R simulations. In previous approaches (e.g., Ferruzzi et al. [33] ), they have suggested that the median of best fit values (e.g., median in Table 2 ) can represent the average mechanical behavior. In addition, they have reported the mean values as a representative for parameters of each age group. However, we can clearly see in Fig. 5 that the mean and median values of parameters are not able to completely capture the average mechanical behavior. The effects of age on the stress-stretch curves have been illustrated well by the current approach, which is consistent with the stiffening aorta with aging [39] .
Since the model is nonlinear and the number of unknown parameters is relatively high, in order to avoid overestimation and to also enhance the computational efficiency, we applied our parameter estimation method in two steps. In the first step, we used our previous knowledge of prestretches and angle between fibers [6, 33, 36, 40, 44] and fixed the values for five parameters. At the same time, we have added penalty terms to the goal function to narrow down the search area by providing a reasonable wall thickness and homeostatic stress. The second-step parameter estimation utilized the first step information while it minimized the constraints (e.g., penalty terms) to reduce the bias for ensuring local minima. The results of the final parameter estimation revealed a good fitness with the experimental stress-stretch data with an average R 2 of 0.954 while well satisfying the homeostatic conditions. Using this two-step estimation, we save a relatively good amount of time while at the same time we can decrease the uncertainty in our parameter estimation. Similar to Roccabianca et al. [40] and Ferruzzi et al. [33] , the aortic wall was assumed to consist of an elastin dominated amorphous matrix and four collagen fibers with the addition of smooth muscle cells. In terms of the number of unknown parameters that were among them: ours (11), Ferruzzi et al. [33] (8), and Roccabianca et al. [40] (8) . One important difference between our study and their studies is that Ferruzzi et al. [33, 34] did not consider prestretch for constituents, while Roccabianca et al. [40] considered prestretch but with preassigned fixed values, and in our study we considered prestretch values and estimated them using the parameter estimation method.
Although adding prestretches to the parameter estimation will increase the chance of overestimation due to the increased number of parameters, by performing the two-step parameter estimation and using the previous knowledge in the literature, the potential issue was prevented.
In the current study, the mass fraction of each parameter has been defined separate from the intrinsic material parameters. In contrast, these parameters in the two studies of Refs, [33, 40] have been combined together wherein, for example, the elastic parameter reported as c is equivalent to c e :q R . / e in our study. Although defining the mass fractions and material parameters separately in the strain energy function increases the number of parameters, it makes the model capable of capturing the effects of age on the constituents' intrinsic properties. Moreover, both Ferruzzi et al. [33] and Roccabianca et al. [40] considered different material parameters for collagens in different directions, c i 1 and c i 2 , where i ¼ 1, 2, 3, and 4, represent the circumferential, axial, and two diagonal directions. In our model, however, we assumed that the intrinsic material property for all collagen fibers in different directions were the same. Nonetheless, different specified mass fractions (with respect to the estimated mass fraction of all collagen fibers, / c ) for each direction (circumferential, axial, two diagonals) can lead to different collagen material properties in different directions of the artery.
Despite the differences between models in different studies, some comparisons can be performed. Roccabianca et al. [40] [40] but the value becomes smaller as the subject gets older. The angle of diagonal collagen fiber family affects the degree of anisotropy for the mechanical behavior of the artery. Ferruzzi et al. [33] , Roccabianca et al. [40] , and the current study estimated the mean values of 45:82 deg; 45:36 deg, and 45:31 deg, respectively. Wilson et al. [6] utilized a very similar model to this study and estimated model parameters for four patients. Although they fixed the diagonal fiber's angle (45 deg), we found a consistency between our estimations and theirs. We can see that almost all of their estimated values lay in the 90% confidence intervals reported in Table 6 .
Based on the correlation study, we found that c e and / e , which are the elastin's intrinsic material property and mass fraction, have a weak positive and a strong negative correlation with age, respectively. The decrease of elastin content with aging (negative correlation of / e with aging) in the aortic wall has been reported previously in Refs. [52] [53] [54] . In addition to a reported decrease of elastin with aging, to some extent, there are considerable variations in elastin's behavior when the healthy aorta is transforming into an aneurysm. Although we have not investigated various pathological conditions in the current study, we found it interesting to mention them due to their similarity with age related changes in elastin. Rizzo et al. [55] illustrated a 92% decrease in the elastin content and a 54% increase in the collagen fiber content in the AAA wall in comparison with the healthy aorta. He et al. [56] reported histological findings of a decreased elastin content from / e ¼ 0:227 in a healthy aorta to / e ¼ 0:024 in an AAA. As it has been mentioned, the decrease of elastin content in the aortic wall is one of the initiators of AAA, which happens in older populations.
In addition to the decrease in mass, a reduction in crosslinks of elastin has been reported by a decrease in desmosine and isodesmosin with aging [52] , which results in fragmentation of elastin.
Fragmented elastin represents a stiffer and less extensible behavior. This behavior can be captured by the increase of c e in the model. We found a weak positive correlation for c e with aging which may correspond to the fragmentation due to aging. However, none of the two mentioned studies [33, 40] have reported statistical analyses indicating whether there is any correlation between c and age. Ferruzzi et al. [33] reported mean values of c for three age intervals of below 30, 30-60, and above 60 years old as c ¼ 19:34; 9:68; and 3:22 kPa, respectively. Using our results, we calculated c for those three intervals and the results are c ¼ 17:58; 15:82; and 9:85 kPa. The results are comparable with the first group (less than 30 years old group), but the values are higher for the older patients. Our findings suggest that this decrease is related to the decrease of elastin's mass fraction with respect to aging (Table 2) , rather than the intrinsic elastin's material parameter, c e . As illustrated in Table 3 , G e 1 and G e 2 did not show any correlation with age. It appears that large amounts of elastin are produced during early age (neonatal period) [54] , and during that period a person's aorta is growing with increased prestretches of elastin. Our finding is, however, that elastin's prestretches are not correlated with age in the range of 19-78 years old. We should mention that this is not a contradiction because the age range of our study (19- 78 years) is far from the neonatal period in which most of the aorta growth happens. Therefore, our finding suggests that the properties of elastin may not be significantly changed due to age while its content (mass fraction) does.
As we report in Table 3 , we found that both collagen intrinsic material parameters, c k1 ; c k2 and mass fractions / c , increased with aging. This is also consistent with Ferruzzi et al. [33] , reported the increase of c i 1 and c i 2 with aging, although there were some differences between the two models. There are less collagen fibers in the aorta during infancy and childhood, however during a process known as fibrosis these fibers start to accumulate with age. Increases of collagen fibers and its crosslink products with age have also been reported in Ref. [52] .
One of the difficulties with the parameter estimations of the nonlinear model is determining whether the best-fit values represent the local or overall optimum values. This task, however, becomes more difficult when the number of unknown parameters increases. Hence, we improved our estimation by adding three penalty terms to the goal function. Although we were able to fit the simulation to the experimental results ð R 2 ¼ 0:954Þ, we believe that more investigations are needed both experimentally and numerically to find more realistic bounds for each parameter. Even with the information that we have about each parameter's expected value, which will result in a more trustable estimation, we still need enough experimental data (experimental tests on AAAs, [57] ) to better construct the distribution of each parameter.
The direction of the current research on G&R simulation is toward enhancing the precision of estimation and the prediction capability of the mechanical behavior of the arterial wall, exploiting advanced computational models and statistical methods. A G&R model of the AAAs, for instance, will use the conditional prior distribution combined with patient-specific data to estimate the AAA expansion rate and rupture risk. This model can be ultimately utilized by physicians in decision making for patients. Finally, we have constructed the prior distribution necessary for the future study which is the Bayesian calibration of G&R model.
Conclusion
Toward the goal of patient-specific modeling, one critical step is to have the patient-specific model parameters. The significance of the AAA model parameters on the G&R simulation results has been emphasized by Wilson et al. [6] . Considering the strong effect of model parameters on the G&R simulation results, population averaged model parameters may not be the best option for patient specific modeling. In the current study, a new methodology is introduced to consider available subjects' information, age and gender, in interpreting parameter estimation results. In the fitted distributions, the effect of known factors (here age and gender) is modeled through regression and the effect of unknown or unavailable factors is modeled by the inherent randomness characteristic of the distribution. For the application of patient specific simulation, the age of the subject will be inserted in the constructed parameter model and the best estimated values with confidence intervals can be calculated. These values will be used for the patient's specific simulation.
In the current study, we considered age and gender in our correlation study but a future work can include more subject-specific information, mentioning that such information was not available to the authors of the current study. This information can be categorized in multiple groups as patient-related information like vascular diseases and genetics and specimen-related information like the location of the specimen in the aorta, thickness of the specimen, and constituent ratios. If the information is available, then it can be easily included in the distribution construction approach and build a more reliable distribution that can model parameters that are more specific to the patient.
